The Whitney embedding theorem for tropical torsion modules Classification of tropical modules by Wagneur, Edouard
Linear Algebra and Its Applications 435 (2011) 1786–1795
Contents lists available at ScienceDirect
Linear Algebra and Its Applications
journal homepage: www.elsevier .com/locate/ laa
TheWhitney embedding theorem for tropical torsion modules
Classification of tropical modules
Edouard Wagneur
GERAD, École Polytechnique, Montreal, Canada
A R T I C L E I N F O A B S T R A C T
Article history:
Available online 21 March 2011
Submitted by J.J. Loiseau
Dedicated to 1st Montreal Workshop.
AMS classification:
15A80
15A39
15A03
Keywords:
Max algebra
Tropical algebra
Tropical module
Torsion matrix
Embedding
Classification
Weprovehere a tropical versionof thewell-knownWhitney embed-
ding theorem [32] stating that a smooth connected m-dimensional
compact differential manifold can be embedded into IR2m+1.
The tropical version of this theorem states that a tropical torsion
module with m generators can always be embedded into the free
tropical module IRp, where p (equals to 2 for m = 2 and 3 ≤ p ≤
m(m− 1) otherwise) is the number of rows supporting the torsion,
when the generators are given by the (independent) columns of a
matrix of size n × m.
As a corollary, we get that tropicalm-dimensional torsionmodules
are classified by a (m − 1)(m(m − 1) − 1)-parameter family.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Tropicalmathematics arose fromapplications. Basically,we could say from themodeling and analy-
sis ofman-made systems – in particular computers, and production systems –, and frommathematical
physics.
After thecerebratedpaperbyKleene [17],manyauthorsused idempotentmathematics: semigroups
in language theory [25], semirings in network routing problems [10]. From the mathematical point
of view, these idempotent structures have been widely investigated by Cunninghame-Green [12], and
applications to control andoptimization of production systemshavebeendeveloped [1,11], tomention
only a few. In mathematical physics, the dequantization point of view on idempotent mathematics
was founded in the 1980s by Maslov and his school. This approach consists in an asymptotic view of
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traditional mathematics over the numerical fields making the Planck constant  tends to zero, taking
imaginary values.
Once introduced, the topic has been found intrinsically interesting and arouse the interest of a large
number of scientists (again without any pretention to be complete) in the automatic control [2,3,16]
and mathematical communities [7,8,4,9,15].
Asa resultof theMaslovdequantizationof real algebraicgeometry,Viro [27] constructedapiecewise
linear geometry of a special kind of polyhedra in finite dimensional Euclidean space. Subsequently, the
tropical approach arouse an increased interest in the algebraic geometry community [13,20,24,26]. A
more complete list of references can be found in [18,19].
The classification of modules over a principal ideal domains is given by their decomposition into a
direct sumof free and torsionmodules.No such result exists for tropicalmodules. This is essentially due
to the fact that the direct sum decomposition of tropical modules is trivial, on the one hand, and that
this classification problem received scant attention in the other. In a previous approach, we showed
that although the direct sum decomposition misses the target, we can introduce the weaker concept
of semi-direct sum [30] which is more closely related to the algebraic structure of tropical modules,
which are to idempotent abelian monoïds (i.e. semilattices) what modules are to abelian groups. Also
in [30], we show that every general tropical module may be decomposed into a semi-direct sum of
four sub-semimodules: a free , Boolean, semi-Boolean, and torsion tropical module, respectively.
The aim of this paper is to prove a classification of the torsion tropical module. The analogue of the
well-known Whitney embedding theorem for differential manifolds – which makes the head-title of
the paper – is a rather unexpected byproduct of our quest.
The paper is organized as follows. In Section 1 below, we recall the basic properties of tropical
modules, and torsion in tropical modules.
In Section 2, three examples are given. The first, restricted here to the case of torsion tropical modules,
provides an alternative proof to that given in [30] showing that every 2-dimensional tropical module
can be embedded in IR2. The second (cf. also [21]) shows that there are 3-dimensional torsionmodules
which cannot be embedded in IR3, while the last one, which first appeared in [29], shows that there are
infinite dimensional tropical submodules of IR3. In Section 3, we prove the injectivity of torsion maps
on their co-image. In Section 4 the result of Section 3 is applied to prove the embedding theorem for
tropical torsion modules, and the classification theorem form-dimensional torsion modules.
1.1. Basic algebraic structures
In this section, we recall basic statements on tropical modules, and torsion theory needed in the
paper. More details can be found in [3]. For any set S, (S,∨, ·, 0, l1) is a semiring if (S,∨, 0) is a
commutative monoid. Also, · distributes over ∨, and 0 is the neutral element for ∨, which is also
absorbing for ·, i.e. ∀a ∈ S, 0 · a = a · 0 = 0, and l1 is the neutral element for ·. (S,∨, ·, 0, l1) is an
idempotent semiring or a dioïd if∨ is idempotent, i.e. ∀a ∈ S, a∨ a = a. (S,∨, ·, 0, l1) is a semifield
(resp. idempotent semifield) iff it is a semiring (resp. idempotent semiring) s.t. (S\{0}, ·, l1) is a group,
i.e. (S \ {0}, ·, l1) is a monoid such that every element is invertible (∀a ∈ S, ∃a−1 : a · a−1 =
a−1 · a = l1).
(S,∨, ·, 0, l1) is said to be an abelian (idempotent) semiring or semifield if (S,∨, ·, 0, l1) is a (idem-
potent) semiring or semifield such that · is commutative. It has now become standard terminology to
call IRmax = (IR ∪ {−∞},∨, ·) (or IRmin = (IR ∪ {+∞},∧, ·) the tropical semifield, where ∨ (resp∧) stands for the max (resp min) operator, and · for usual addition. Thus in IRmax, 0 stands for {−∞},
and l1 for the classical 0. We will also write IR = IR ∪ {−∞}.
Let (S,∨, ·, 0, l1) be an arbitrary semiring. Each element of Sn is a column vector with n entries,
andSn is equippedwith the laws∨ and ·:∀x, y ∈ Sn, (x∨y)i = xi∨yi,∀s ∈ S, (s · x)i=s · xi, i =
1, . . . , n. Thus, s · x will be denoted s x .
This makes (Sn,∨, ·) a left S-semimodule freely generated with basis e1, . . . , en , where ei = δi,k
the Kronecker symbol (1 ≤ i, k ≤ n). The first law∨ and themultiplication · are naturally extended to
matrices of compatible sizes. Any n × pmatrix A is associated with a (∨, ·)-linear map A : Sp → Sn.
ai,j , al,· and a·,k denote the (i, j) entry, the lth row (row-vector) and the kth column of A, respectively.
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A dioïd (S,∨, ·, 0, l1) is endowed with the natural order relation  defined by: ∀a, b ∈ S, a 
b ⇔ a ∨ b = b.
From now on, we assume S = IRmax, andM is a two-sided tropical module over IRmax. Note that a
tropical module in the sense of this paper is also usually called IRmax-semimodule in the literature. In a
private conversation, Reuteneuer [23], argued that since the adjective “tropical" already refers to dioïd,
or semi-field, respectively, the term tropicalmodule can effectively be substituted to semimodule over
a semiring (or dioïd, or semi-field, respectively) inmost cases (see also [33]). This argument convinced
us to use the term tropical module for semimodule over the tropical semifield (R,∨, ·).
1.2. Some properties of tropical torsion matrices
LetX = {x1, . . . , xm} ⊂ Rn. The tropicalmoduleMX generatedbyX is givenby
{
n∨
i=1
ξixi
}
. Following
[28], we say that X is independent if for all xi ∈ X, xi /∈ MX\xi .
Definition 1.1. If ∀ x1, x2 ∈ X, ∃ λ1 2 = ∧{ξ |x1 ≤ ξx2}, and λ2 1 = ∧{ξ |x2 ≤ ξx1}, then we say
thatMX is a tropical torsion module (see also [30]).
Remark 1.1. It is easy to see that the condition in Definition 1.1 is equivalent to the requirement that
every x ∈ X is finite (or has no entry 0) .
Definition 1.2. Let x1 = (a1, . . . , an), x2 = (b1, . . . , bn) ∈ IRn, then λ1 2 =
n∨
i=1
aib
−1
i , and λ2 1 =
n∨
i=1
a
−1
i bi. The torsion coefficient τ(x1, x2) between x1 and x2 is defined by:
τ(x1, x2) = λ1 2λ2 1 =
⎛
⎝ n∨
i=1
aib
−1
i
⎞
⎠
⎛
⎝ n∨
i=1
a
−1
i bi
⎞
⎠ (1)
The torsion coefficients τ(xi, xj), 1 ≤ i < j ≤ m are invariants ofMX (while the λij clearly depend
on the choice of the basis). This has been shown in [5], for the Hilbert projective metrics θ(x, y), for
which we have eθ(x,y) = τ(x, y).
In the sequel, we will assume that all the matrices considered are tropical torsion matrices (i.e.
with finite entries only) whose columns are independent.
Let the basis of M be given by the (independent) column vectors of A ∈ Hom(IRm, IRn). We define
a canonical representation for the matrix A.
Remark 1.2. Note that A ∈ Hom(IRm, IRn) implies that every entry of A is finite (since 0 /∈ IR).
For any (torsion) matrix A = (aij), we write At for its transpose, and A− = (a−1ij ) for the matrix
with entries the inverses of the entries of A.
We have the following lemma (cf. [28]).
Lemma 1.3. Let A = (aij) be a (tropical torsion) matrix of size n × m, with columns [a·,1|a·,2| . . . |a·,m],
then ΛA = AtA− yields the coefficients λij = ∧{ξ | a·,i ≤ ξa·,j }.
Proof. Wehave a·,i ≤ ξa·,j ⇐⇒ aki ≤ ξakj, k = 1, . . . , n ⇐⇒ akia−1kj ≤ ξ, k = 1, . . . , n ⇐⇒
ξ ≥ n∨
k=1
akia
−1
kj = (ΛA)ij .
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1.2.1. Equivalence of matrices
We say that two matrices A and B are equivalent (written A ∼ B), if the tropical modules MA and
MB generated by the columns of A and B, respectively, are isomorphic (written MA  MB). Clearly,
diagonal and permutation matrices are invertible, hence they define isomorphisms of IRn. It follows
that, for any matrix A of size n × m, permutation matrices P, P′ of appropriate sizes, we have: A ∼
(diag(b1, . . . , bn))PAP
′(diag(c1, . . . , cm)).
Remark 1.4. Right (resp left) multiplication of A by a permutation or a diagonal matrix yields a
permutation or multiplication of the columns (resp rows) of A, respectively.
1.2.2. The canonical form of torsion matrices
Note that ΛA, which is dependent of A, indirectly provides the torsion coefficients, which are not,
and that ΛtA = A#A, where A# = (A−)t is the residuated matrix of A [6].
We order the columns of A as follows. We write τij for τ(xi, xj), and a ∧ b for min{a, b}.
Step 1: Let io, jo be such that
∧
1≤i<j≤m
τij = τiojo .
Step 2: Relabel the first two columns to correspond to min
{ ∧
k =io,jo
τiok,
∧
k =io,jo
τjok
}
and
max
{ ∧
k =io,jo
τiok,
∧
k =io,jo
τjok
}
, respectively.
Step 3: Assume columns 1, 2, . . . , j have been relabeled, then column j + 1 corresponds to∧
k/∈{1,...,j}
τ1k . Let P0 stand for the corresponding permutation matrix, and let A = AP0 stand for
the resulting matrix. We renormalize A as follows.
Step 4: Let Aˆ = (diag(ai1)−1)A. Since leftmultiplication of Aˆ by a suitable permutation matrix
yields amatrixwith all its entries in column2ordered in increasingorder fromrow1 to rown,we
mayassumethat thisholds for Aˆ. Thefirst columnof Aˆhasall its entries l1, and rightmultiplication
by a diagonalmatrixDwith all its nonzero entries δjj =
⎧⎨
⎩ l1 , j = 2aˆ−112 , j = 2 , j = 1, . . . ,m, yields
a matrix such that λ12 = l1.
Step5:Rightmultiplicationof AˆDbyadiagonalmatrixΞ withentriesξij =
⎧⎪⎪⎨
⎪⎪⎩
j−1∏
i=1
λi i+1 , i = j
0 , i = j
,
j = 1, . . . ,m, yields the matrix:
B =
⎡
⎢⎢⎢⎢⎢⎢⎣
l1 l1 b13 · · · b1m
l1 b22 b23 · · · b2m
· · · · · · · · · · · ·
l1 bn2 bn3 · · · bnm
⎤
⎥⎥⎥⎥⎥⎥⎦
(2)
whose columns satisfy λj j+1 = l1, j = 1, . . . ,m .
Remark 1.5. We have B ∼ A. Indeed, we have B = P1 (diag (a−1i1 )) A P0 DΞ , for some suitable per-
mutation matrix P1. Clearly, for any given A, the matrix B is unique.
Definition 1.3. The matrix B above will be called the canonical form of A.
The canonical form of a matrix has the following properties.
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Property 1. ∀j (1 ≤ j ≤ m − 1), ∃i (1 ≤ i ≤ n) such that bij+1 = bij .
Property 2. Since bi2 ≤ bi+1 2 i = 1, . . . , n − 1, then τ12 = bn2.
Property 3. ΛB =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
l1 l1 λ13 · · · λ1m−1 λ1m
τ12 l1 l1 · · · λ2m−1 λ2m
λ31 τ23 l1 l1 · · · λ3m
· · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · l1 l1
λm1 λm2 · · · λmm−2 τm−1m l1
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
Proposition 1.1. Two vectors x1, x2 ∈ IRn are colinear iff τ(x1, x2) = l1.
Proof. If x2 = ξx1, then x2 ≤ ξx1 and x1 ≤ ξ−1x2 ⇒ λ2 1 ≤ ξ , and λ1 2 ≤ ξ−1. Hence τ(x1, x2) =
λ1 2 λ2 1 ≤ l1. But by (1) we necessarily have τ(x1, x2) ≥ l1. Conversely, if τ(x1, x2) = λ1 2 λ2 1 = l1 ,
then x1 ≤ λ1 2 x2 ≤ λ1 2 λ2 1 x1 = x1. hence x1 = λ1 2 x2.
Let X = {x1, . . . , xm} ⊂ IRn, and A the torsion matrix of size n × m with columns a·j = xj, j =
1, . . . ,m. ThenMX = ImA.
Definition 1.4. Let Aτ be a p×m submatrix of A such that ∀i, j, 1 ≤ i, j ≤ m, we have λij ∈ ΛAτ . We
will say in this case that Aτ supports the torsion ofMX , or that Aτ is a torsion supporting submatrix
of A.
LetAτ bea torsion supporting submatrix ofA, and Aˆτ a square submatrix ofAτ of size r = min{p,m},
andM
Aˆτ
the torsionmodule generated by Aˆτ , i.e.MAˆτ
= { r∨
j=1
ξj aˆ·j| ξj ∈ IR}, where aˆ·j stands for column
j of Aˆτ .
Remark 1.6
1. For any tropical torsion matrix A, dropping the first row of A(diag(a−11j )) yields the generators
of the projective tropical module PA.
2. It is commonplace to say that an injective tropical morphism ϕ : M → N is an isomorphism of
M onto its image ϕ(M).
Definition 1.5 LetM,N be tropical modules. A tropical embedding
ϕ : M → N is a is an injective tropical module morphism.
2. Examples
Example 2.1 Let A =
⎡
⎢⎢⎢⎢⎢⎢⎣
l1 l1
l1 a2
· · · · · ·
l1 an
⎤
⎥⎥⎥⎥⎥⎥⎦
= [x1|x2], with l1 < a2 < · · · < an. We haveΛA =
⎡
⎣ l1 l1
τ l1
⎤
⎦, with
τ = n∨
i=1
ai = an, and Aˆτ = Aτ =
⎡
⎣ l1 l1
l1 an
⎤
⎦.
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Let ξ =
⎡
⎣ ξ1
ξ2
⎤
⎦ ∈ IR2 be such that ξ1 ≤ ξ2. Then Aξ = ξ2
⎡
⎢⎢⎢⎢⎢⎢⎣
l1
a2
. . .
an
⎤
⎥⎥⎥⎥⎥⎥⎦
, i.e. Amaps {ξ ∈ IR2|ξ1 ≤ ξ2} onto
M2 = {λ x2|λ ∈ IR} ⊂ IRn. Similarly, A maps {ξ ∈ IR2|τξ2 ≤ ξ1} onto M1 = {λ x1|λ ∈ IR} ⊂ IRn.
Clearly, A is not only injective on the set {ξ ∈ IR2|ξ2 < ξ1 < τξ2}, of interior points of MAτ , but also
on {ξ ∈ IR2|ξ2 = ξ1} and {ξ ∈ IR2|ξ1 = τξ2}, the co-dimension 1 boundaries ofMAτ , i.e. A is injective
on the whole of MAτ = {ξ ∈ IR2|ξ2 ≤ ξ1 ≤ τξ2}. Hence MAτ = Coim A  Im A. As pointed out in
[21] (see also [14,30]), the torsion coefficient τ (and the rows supporting the torsion) is necessary and
sufficient for the characterization of the isomorphy class of MA. Here we have r = p = m = 2, and
Aˆτ = Aτ =
⎡
⎣ l1 l1
l1 an
⎤
⎦.
The 2-dimensional cone generated by X = {x1, x2} in IRn is isomorphic to the cone generated by⎧⎨
⎩
⎡
⎣ l1
l1
⎤
⎦ ,
⎡
⎣ l1
an
⎤
⎦
⎫⎬
⎭ in IR2. In the geometric representation of IR2 as the nonnegative cone IR2+ (by themap
(x1, x2) → (ex1 , ex2)) as in [9], or [31], the angle between thegenerators,which is a functionof τ is pre-
served by the isomorphism. Note also that this is always the case with the equivalences
⎡
⎣ a11 a12
a21 a22
⎤
⎦ ∼
⎡
⎣ l1 a−111 a12
l1 a
−1
21 a22
⎤
⎦ ∼
⎡
⎣ l1 l1
l1 a11a22(a12a21)
−1
⎤
⎦givenby
⎡
⎣ l1 l1
l1 τ
⎤
⎦ =
⎡
⎣ a−111 0
0 a
−1
21
⎤
⎦
⎡
⎣ a11 a12
a21 a22
⎤
⎦
⎡
⎣ l1 0
0 a11a
−1
12
⎤
⎦.
Wenowexhibit a 3-dimensional tropical torsionmodulewhich cannot be imbedded as submodules
of IRn for n < 5.
Example 2.2 Let A =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
l1 l1 7
l1 1 2
l1 2 8
l1 3 3
l1 4 5
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. We have
ΓA =
⎡
⎢⎢⎢⎢⎣
l1 l1 l1 l1 l1
l1 1 2 3 4
7 2 8 3 5
⎤
⎥⎥⎥⎥⎦
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
l1 l1 7−1
l1 1−1 2−1
l1 2−1 8−1
l1 3−1 3−1
l1 4−1 5−1
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡
⎢⎢⎢⎢⎣
l1 l1 2−1
4 l1 l1
8 7 l1
⎤
⎥⎥⎥⎥⎦ ,with
λ12 = l1, λ21 = 4, λ13 = 2−1, λ31 = 8, λ23 = l1, and λ32 = 4, given by rows 1, 5, 2, 3, 4, and 1,
respectively. Hence Aτ = A, which is injective on {ξ ∈ IR3|ξ1 ∨ ξ2 ∨ 7ξ3 ≤ ξ1, ξ1 ∨ 4ξ2 ∨ 5ξ3 ≤
4ξ2, ξ1 ∨ 2ξ2 ∨ 8ξ3 ≤ 8ξ3} = {ξ ∈ IR3| ξ2 ≤ ξ1 ≤ 4ξ2, 7ξ3 ≤ ξ1 ≤ 8ξ3, ξ2 ≤ 6ξ3 ≤ 5ξ2}.
Our next example, which first appeared in [29], shows that we can find tropical submodules of IR3
of any (finite or not) dimension.
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Example 2.3 Let xi =
⎡
⎢⎢⎢⎣
l1
i
i2
⎤
⎥⎥⎥⎦ , i = 1, 2, . . ., with i = i2 = l1 for i = 0. The torsion coefficients are
supported by 3 rows, andM is embedded in IR3. We haveΛA =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
l1 l1 l1 l1 l1 l1 . . .
12 l1 l1 l1 l1 l1 . . .
22 12 l1 l1 l1 l1 . . .
32 22 12 l1 l1 l1 . . .
· · · · · · . . .
n2 (n − 1)2 · · 12 l1 . . .
· · · · · · . . .
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, and
the torsion coefficients lie in the lower left triangle. Note however that, since τij = τi+k,j+k , then all
torsion coefficients can be read on the first column of ΛA.
It is not difficult to see that A is injective on
⋃
0≤i<j<kÊ
Mijk , where
Mijk =
⎧⎨
⎩ξ |
∨
≥0,=i
ξ ≤ ξi,
∨
≥0,=j
ξ ≤ jξj,
∨
≥0,=k
2ξ ≤ k2ξk
⎫⎬
⎭
For instance, withm = 4, we have:
M012 = {ξ ∈ IR4| ξ1 ≤ ξ0 ≤ 1ξ1, ξ2 ≤ ξ0 ≤ 4ξ2, 1ξ2 ≤ ξ1 ≤ 2ξ2, 2ξ3 ≤ ξ2}
M013 = {ξ ∈ IR4| ξ1 ≤ ξ0 ≤ 1ξ1, ξ3 ≤ ξ0 ≤ 6ξ3, 2ξ3 ≤ ξ1 ≤ 4ξ3, 1ξ2 ≤ ξ1 ∧ 3ξ3}
M023 = {ξ ∈ IR4| ξ2 ≤ ξ0 ≤ 2ξ2, ξ3 ≤ ξ0 ≤ 6ξ3, 1ξ3 ≤ ξ2 ≤ 2ξ3, ξ1 ≤ ξ0 ∧ 1ξ2}
M123 = {ξ ∈ IR4| ξ0 ≤ ξ1, ξ2 ≤ ξ1 ≤ 1ξ2, ξ3 ≤ ξ1 ≤ 4ξ3, 1ξ3 ≤ ξ2 ≤ 2ξ3}.
3. The injectivity module of torsion matrices
Let A be a square tropical torsion matrix of size n, and define
INJA = {ξ ∈ IRn|∃σ ∈ Sn such that ∀ k,
n∨
j=1,j =k
aσ(k)jξj ≤ aσ(k)kξk}
Definition 3.1 We say that ξ ∈ INJA is an interior point if
n∨
j=1,j =k
aσ(k)jξj < aσ(k)kξk, k = 1, . . . , n.
A vector ξ ∈ INJA which is not an interior point is called a boundary point.
Clearly, dim INJA = n.
Lemma 3.1 The tropical module
{
ξ ∈ INJA|
iq∨
j=i1,j =k
aσ(k)jξj < aσ(k)kξk,
∨
j =i1...,iq,k
aσ(k)jξj = aσ(k)kξk
}
is a q-dimensional tropical submodule of INJA.
Proof. Assume for simplicity that σ is the identity permutation, and that for k = 1, we have ∨
j =i1...,iq,1
a1jξj = a11ξ1. Then ξ1 = ∨
j =i1...,iq,1
a
−1
11 a1jξj . By substitution into each of the strict inequalities, we get:
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iq∨
j=i1,j =1
[ai1a−111 a1j ∨ aij]ξj = aiiξi. Hence ai1a−111 a1j ≤ aii, i = i1, . . . , iq. Since
iq∨
j=i1,j =i
aijξj < aiiξi, we
also have, for j = i:
[
ai1a
−1
11 a1j ∨ aij
]
ξj < aiiξi. Hence column a·1 of Amay be dropped. Since this also
holds for every k /∈ {i1, . . . , iq}, every column a·k of A (k /∈ {i1, . . . , iq})may be dropped.
We have the following statement.
Proposition 3.1 For any given square tropical torsion matrix A of size n, there is a unique permutation
σ ∈ Sn satisfying the definition of INJA with strict inequality.
Proof. Let ξ ∈ INJA, be an interior point, and let σ, ω ∈ Sn satisfy the condition in the definition of
INJA. W.l.o.g. we may assume that ω = Id (the identity permutation). Since every permutation is a
product of cycles, then σ = c1 · c2 · · · · · cr , with the length of at least one of the ci > 1, since σ = Id.
Let k > 1 stand for the length of any of one such cycle, which may be written as (i1, i2, . . . , ik).
For p = 1, . . . , k, we have: n∨
j=1
aip+1jxj = aip+1ip xip , with ik+1 = i1, hence (with the same conven-
tion) aipipa
−1
ip+1ip xip+1 < xip , p = 1, . . . , k, therefore ai1i1a−1i2i1ai2ip+1a−1ip+2ip+1 . . . aik ik a−1i1 ik xi1 < xi1 , i.e.
ai1i1a
−1
i2i1
ai2ip+1a
−1
ip+2ip+1 . . . aik ik a
−1
i1 ik
= k∏
p=1
aip ip
k∏
p=1
a
−1
ip+1ip < 1, or
k∏
p=1
aipip <
k∏
p=1
aip+1ip . (3)
On the other hand, for the identity permutation, we have:
n∨
j=1
aipjxj = aipip xip , p = 1, . . . , k, hence
k∏
p=1
aip+1ipa
−1
ip+1ip+1 < 1, or equivalently
k∏
p=1
aip+1ip <
k∏
p=1
aipip (4)
and this completes the proof.
Theorem 1 A is injective on INJA.
Proof. We prove the statement by induction on n ≥ 1. For n = 1, there is nothing to prove. Alterna-
tively, Example 2.1 above provides a proof for the case n = 2. Assume the statement has been proved
for every integer< n.
We first show the statement for the interior points of INJA.
We may assume that σ is the identity permutation, for if not, then just relabel the ξj, ηj ’s.
We have: Aξ = Aη ⇒ n∨
j=1
akjηj =
n∨
j=1
akjξj, k = 1, . . . , n.
But, by Proposition 3.1:
η ∈ INJA ⇒
n∨
j=1
akjηij = akkηk, k = 1, . . . , n,
and
ξ ∈ INJA ⇒
n∨
j=1
akjξij = akkξk, k = 1, . . . , n.
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Now if ξ, η are boundary points, then at least one of the inequalities is an equality. Therefore at least
one of the columns of Amay be dropped. But, as shown in the proof of Lemma 3.1, the corresponding
ξk, k /∈ {i1, . . . , iq} is a combination of the ξj, j ∈ {i1, . . . , iq}. Hence the corresponding rows of A
may be dropped. This yields a matrix B, with dim INJB < n. By induction hypothesis, this completes
the proof.
Definition 3.2 INJA is called the (tropical) injectivitymodule of A.
We have the following corollary to Theorem 1.
Corollary to Theorem 1. Let A be a tropical torsion matrix of size n × m. Then INJA  ImA.
Proof. Anotherway of stating the Corollary, is to say that INJA is defined for any tropical torsionmatrix.
For the case m ≤ n, the tropical module INJA, is defined as in the beginning of this section (here σ is
an injective map {1, . . . ,m} → {1, . . . , n}; e.g. Examples 2.1 and 2.2).
If n < m, then there are
⎛
⎝m
n
⎞
⎠ square submatrices Ai1,...,in of A. Each of these matrices yield a set
of inequations (one for each row) , which are easily extended to the whole corresponding row of
A. This defines a submodule Mi1,...,in of IR
m, (just as in Example 2.3) on which A is injective. Finally,
INJA = ⋃1≤i1<···<in≤m Mi1,...,in .
4. The Whitney embedding theorem for tropical torsion modules
The following is the generalization of the well-known Whitney embedding theorem for differen-
tiable manifolds [32] to tropical torsion modules.
Note that we necessarily have that the dimension r of the target of the embedding satisfies r ≥ p.
Theorem 2 states that the condition r = p is also sufficient.
Theorem 2 Let X = {x1, . . . , xm} ⊂ IRn be independent. Then MX can be embedded in IRp, where
p ≤ m(m − 1) is the number of rows supporting the torsion coefficients in the torsion matrix A of X.
Proof. This is a straightforward consequence of Theorem1, sincem×(m−1) is themaximumnumber
it takes to express torsion betweenm generators.MAτ is embedded in IR
p, and A is injective onMAτ .
Corollary m-dimensional torsion modules are classified by a (m − 1)(m(m 1) − 1)-parameter family.
Proof. The projective form of the canonical matrix, where all the first row entries are l1 is given by
C = B(diag(b−11j )) =
⎡
⎢⎢⎢⎢⎢⎢⎣
l1 l1 l1 · · · l1
l1 b22 c23 · · · c2m
· · · · · · · · · · · ·
l1 bn2 cn5 · · · cnm
⎤
⎥⎥⎥⎥⎥⎥⎦
, with cij = b−11j bij, i = 2, . . . , n, j = 3, . . . ,m.
It is not difficult to see that, even if the torsion coefficients remain unchanged, modifying one or more
entries in C will change the isomorphy class of MC . But MC  MD, with D a p × m matrix given by
Theorem 2. This matrix has (p− 1)(m− 1) entries = l1. But p ≤ m(m− 1), with possibly the equality
sign, whence the result.
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